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The ferromagnetic zone
What we call a \ferromagnetic material" may be simply de ned as one that possesses a spontaneous magnetization M. (Note that we always use bold letters for vectors.) These materials like ferrites or garnets are widely used in the microwave domain as shifters or circulators for instance. In this paper we would particularly like to study the propagation of electromagnetic waves inside such materials which are said to be absorbing materials and whose behavior is expected to be strongly dependent on the frequency.
We will see what sense we can give to these assertions.
A ferromagnetic zone is a region in which M 6 = 0, and we denote by all such regions in space. Such a region will be examined in this paper on a scale large enough to permit the use of continuous magnetization vector M (x) at any time ; so we do not consider a priori any domain or wall concept ( 7] ? M or B = 0 (H + M) (1.5) In (1.4) and (1.5), we denote by :
B the magnetic induction, E the electric eld , " 0 and 0 , the electric permittivity and the magnetic permeability in the vacuum.
Moreover, we have preferred to present in this paper the non conductive case but no new di culty would arise if the conductivity was di erent from 0.
It is important to note that the (LLG) equation is a non-linear di erential equation in time, whereas people often study linear materials in the frequency domain where it is possible to de ne the magnetic susceptibility and to write that M = H. In our case, the relation which links M and H is implicitly de ned by the coupled system (LLG) equation{Maxwell's equations.
Last of all, the e ective eld H eff (M) is the result of several contributions. In the mode we are interested in, we retain two of them :
H eff (M) = H s + H a (M) (1.6) where H s is a static eld and H a (M) is a eld of anisotropy, a eld derived from an energy of anisotropy. We de ne these elds in a ferromagnetic zone at section 2.1.
The mathematical model
As a model of insulating non-linear ferrites, we get the following Cauchy's problem from (1.2), (1.4) and (1. H(x; t = 0) = H 0 (x) E(x; t = 0) = E 0 (x) M(x; t = 0) = M 0 (x) (1.8)
Presentation of the paper
Two main mathematical issues naturally arise : 1. Is it possible to show the existence, and then the uniqueness, of a solution to this non-linear problem ? , 2. How can we discretize the equations of this problem to get a numerical modeling of ferromagnetic materials which respects the main properties of the continuous problem ? These are the two questions we intend to address in this paper. Concerning the rst point, as far as we know, the only paper where a partial answer is given is due to Visintin (see 17] ) who has established the existence of weak solutions to a problem very close to (1.7) ; however he considers a new eld in addition in H eff (M), derived for an exchange energy, and this assumption ensures more regularity for M. His existence result and some secondary properties are proved for the corresponding variational formulation by using a Galerkin method. But he can not allow to be 0, and it is also said in 17] that \the possible uniqueness of the solution is an open question".
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Concerning the second point, the situation is even clearer : we have not found in the literature any satisfying answer to the question of the discretization of the complete non-linear problem (1.7). All the works on the subject mention at least one of the two following assumptions :
1. The damping is neglected and is taken equal to 0 ( 9] ). In the present paper, we establish more complete results concerning both aspects of the problem in the one dimensional case { which is of course a limitation. However all that we do concerning the numerical analysis can be generalized to more space dimensions ( 11] ).
We shall show by applying the theory of semi-groups the existence of a unique maximal local strong solution to (1.7) and then we establish suitable a priori estimates to guarantee that this solution is indeed a maximal global strong solution (the two cases = 0 and 6 = 0 are treated separately). This theoretical result requiring quite technical proofs, they must be seen as a complementary result to the theorem presented in 12], about existence and uniqueness of weak solutions to (1.7). (In 12], solutions are looked for in L 2 (I R) \L 1 (I R) instead of H 1 (I R) in the present paper.) In particular, in the case 6 = 0, uniqueness will be ensured by results of 12].
In the discrete case, we propose an approach based on the Yee's scheme ( 18] ) and an original way to solve numerically the discrete (LLG) equation. We show that this method ensures the conservation of the norm of the magnetization. We also establish the discrete equivalent of the a priori estimates of the continuous case which guarantees in particular the stability of the scheme under a classical Courant-Friedrichs-Levy condition.
Our paper is organized as follows. In section 2, we develop the machinery of semi-groups to study the existence and the uniqueness of solutions to the problem (1.7). In section 3, we give both time and space discretizations of the equations and their main properties. In section 4, a representative collection of numerical experiments is presented.
Chapter 2

Mathematical results
In this section we mainly work from the formulation (1.8) involving the three vectorial unknowns E, H and M.
About the e ective eld
In this paragraph we make precise the mathematical de nition of the two local elds we consider in our work. 
where K is a positive constant depending on the material and P(M) the projection of M on the plane perpendicular to the \easy axis" which is simply a privileged direction of the material, not depending on time. Consequently H a (M) = ? KP(M) (2.4) Remark 1 If we introduce p, a unit vector along the easy axis, we see that
This new form will be particularly useful in the numerical part because it leads to
It can be seen in (2.6) that H a (M) can be also taken equal to K (p M) p. As a consequence of these de nitions an important property of H eff (M) is to be an a ne continuous function of M { That is to say : H eff (M) ? H 0 ] is linear in M.
Preliminary results independent on the space dimension
The results that we give in this paragraph are obtained regardless both the dimension of the problem and the geometry of the ferromagnetic zone . We denote by x = (x; y; z) the current point of I R 3 . 3 . We assume that the system (1.8) is satis ed in the classical sense which means that the three equations of (1.8) are equalities in C 0 ? 0; T; L 2 (I R 3 ) .
A new form of the (LLG) equation
Conservation of the norm of M.
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It is rst straightforward to show { at least formally in our case { from the (LLG) equation the conservation in time of the norm of the magnetization at any point : It can be understood with this equality, where the sign of is crucial, why the ferromagnetic materials are expected to be absorbing since it shows that the electromagnetic energy
is decreasing in time. From (2.23), we get 
The 1D model
In order to shorten the forthcoming formulae in our mathematical developments, henceforth all the positive physical constants but { " 0 , 0 , j j and 1 + 2 { will be replaced by one.
Moreover we consider from now on a mono-dimensional problem : we assume that all the unknowns in the following problem depend only on x, the rst space variable, and t, the time variable. In other words we are interesting in plane waves propagating along the x-direction. We shall denote by (e x ; e y ; e z ) the direct orthonormal basis of I R 3 where e x is parallel to the x-direction. We shall also use in the sequel the two following properties of L G in the 1D case :
Proof. We can deduce from (1.3) that Proof. The case when L G is not locally Lipchitz is not important for our paper and so we shall only prove the case when = 0. (To understand what happens if 6 = 0, the reader can check that the \absolute value" map is not locally Lipchitz from H 1 (I) to H 1 (I), for any open interval I, by considering the two functions u n = 2 + sin(nx) and v n = ?2 + sin(nx).)
Let us assume that = 0. We want to show that the map ((M; H) ! H M) is locally Lipschitz from H 1 (I R) 3 H 1 (I R) 3 to H 1 (I R) 3 . It obviously su ces to show that the map (u; v) ! uv is locally Lipschitz from H 1 (I R) H 1 (I R) to H 1 (I R).
Since H 1 (I R) is an algebra, we know that u 2 H 1 (I R) ; v 2 H 1 (I R) =) uv 2 H 1 (I R) and so H 1 (I R) H 1 (I R) is mapped to H 1 (I R). Then we can compute 
Local results
The aim of this paragraph is to show the existence of a unique maximal local strong solution by applying the following theorem ( In order to apply this theorem, it is natural to try to divide our problem into the linear part { the operator A { and the non-linear part { the function F, and then to check the required assumptions. But this change in the LLG equation is valid only if the norm of the magnetization can be assumed to be constant in space, which is impossible when you consider the interface between a vaccuum and a ferromagnetic material.
We establish below local results applying theorem 1. We consider separately the two cases = 0 and 6 = 0, that is to say with and without damping. In each case, we shall decompose our proof into three steps. 3 , which is clearly a Hilbert space, and take as our unknown the vector u = (E; H; M) 2 H . We also introduce the Hilbert space H(curl ; I R) = fv 2 L 2 (I R) 3 ; curl (v) 2 L 2 (I R) 3 g, which is in the 1D case nothing other than L 2 (I R) H 1 (I R) H 1 (I R). It is now possible to rewrite the three equations of (1. On the contrary M 0 = e ?x 2 sin(x)u is not a admissible initial data. As a conclusion let us simply say that assumption (2.48) only implies a kind of control on the way M 0 vanishes to zero.
We know that it is possible to write the three equations of (1.8) as the following system of evolution equations : Applying theorem 1, we obtain a local solution (E; H; m) to the problem (2.52) ; it is then possible to de ne M = jM 0 jm a solution to problem (2.51) and nally we can state the INRIA Theorem 3 Given (E 0 ; H 0 ; M 0 ) 2 H 0 (curl ; ) H(curl ; ) H 1 ( ) 3 , there exists a unique local maximal strong solution of (1.8) so that : It remains now to show that the local solutions of theorem 2 and theorem 3 are indeed global. Rather than expliciting two very similar demonstrations, we now end this mathematical part of our work in the most general case : no assumption is made neither on nor on M 0 . This way we can eventually conclude in each case.
A new estimate for H
We have now to verify that no local solution can blow up in a nite time. With (2.13) and (2.25) which are valid in our case for any T < T max , only the L 2 norm of the local solutions provided by theorem 2 is controlled. So, to prove global existence we have to nd H 1 estimates for these solutions depending on t in a locally bounded manner. More precisely we rst establish in this paragraph that H 2 H(curl ; I R).
Before beginning, let us introduce the following technical lemma. Lemma The idea is to do the same kind of computations we made to get the decay in time of the electromagnetic energy but for the time derivatives of the elds E and H. Let It is thus possible to take the limit when h ! 0 in (2.72) and then to get (2.69).
step 3 : The estimate on @H @t and (curl H). To shorten the proof given below we shall consider here the case ( = 0; H eff (M) = 0) which presents all the di culties of the case ( 6 = 0; H eff (M) 6 = 0) that we shall detail in appendix A. In other words we assume for a while that @M @t = H M (2.75) while the case of the complete (LLG) is considered in the appendix.
In the case ( = 0; H eff (M) = 0), it is easy to compute at each point : 
which is exactly the kind of estimate that we look for.
The global existence and uniqueness results
We can conclude from estimates (2.25) and (2.88) that for all T > 0, there exists C H (T ) > 0 such that 8t 2 0; T] ; kH(t)k H 1 < C H (T ) 
Let us recall that we know that all the terms in the right hand side of (2.93), but maybe kH eff k H 1 and @M @x L 2 , are bounded. In what concerns H eff , we use the fact that H eff (M) is a ne with respect to M. Then, using
Cauchy-Schwartz inequalities, it is straightforward to see that (2.93) leads to : there exists C 1 (T ) > 0 and 
About nite velocity of propagation
Using an energetic method, it is possible to show that the velocity of propagation of electromagnetic waves in ferromagnetic media is nite. The idea of our proof consists in evaluating the electromagnetic energy outside a bounded domain but whose width increases with time. Note that only little changes are required to obtain the same result regardless the dimension of the problem.
More precisely, let us assume that there exists two reals a and b such that, at time t = 0, In this expression, the function K(x) must be taken constant in time. Our choice is consists in K(x) = ?U(M 0 ) Then, from (2.99), the computations unfolds like in the general case : by adding H eff (M) to H, Of course it would remain to do the same for x smaller than a. The numerical method
We present in this third part the discretization of our problem, rst in space and then in time. The physical constants are not taken equal to 1 any longer. With this approach a discrete curl operator is de ned for the space H h : In the 1D case it is exactly the usual operator corresponding to the Yee's scheme ( 18] ), but this would be no longer true in the 2D case (see 11]). This discrete curl operator is de ned with centered nite di erence which guarantees order 2 in space for our scheme.
The situation is of course di erent for the (LLG) equation and the magnetic coupling since no derivative occurs in these equations. We simply have (see (2.6) 
Existence of solutions and stability analysis
It can be seen that the problem de ned from (3.7) and (3.10) consists in solving the following system : 
These estimations ensure that the local solution is indeed a global solution. Moreover, they do not depend on h.
Time stepping
Our semi-discrete equations must be now discretized in time.
Construction of the approximate
We shall use to discretize (3.8) and (3.9) in time the standard leapfrog technique : if t > 0 is our time step, the electric eld is discretized at times t n = n t :
E n h ' E h (t = n t) (3.18) while the magnetic eld, the magnetic induction and the magnetization are discretized at time t Therefore, for t small enough, the contraction theorem applies and there exists a unique solution to (3.28).
Using the conservation of jM h j, the fact that the operator curl h as we de ned it is a self-adjoint operator, and and we can conclude thatÛ h (n + 1 2 ) is positive, and therefore that the scheme is stable, under the classical CFL condition : t h 1.
We show now some scattering experiments. The calculus domain is divided in two parts : on the left side we consider a vacuum (M = 0), on the right side a ferromagnetic material. 3 , we see a re ected part of the signal due to the interface propagating to the left, while a transmitted part is decreasing inside the ferromagnetic media. At time t 4 , the signal is totally re ected on the right because of a Dirichlet boundary condition.
To end this nal part, we would like to show some amazing nonlinear e ects on a electromagnetic signal crossing a ferromagnetic layer. Rather than snapshots of the signal, we study the elds in time at two di erent points, respectively before and after the layer. For the following incident signal H(t) = h(t)e z , we obtain, after the ferromagnetic layer, the following transmitted signal It is important to see that both the nature and the polarization of the signal have been modi ed. A part of the incident signal has rotated. To end this part, we give below the spectrum, obtained by Fourier transform, of the incident signal As a typically nonlinear e ect of our model, we see here that a lot of new frequencies are created.
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